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A NEW CONSTRUCTION OF LAGRANGIANS
IN THE COMPLEX EUCLIDEAN PLANE
IN TERMS OF PLANAR CURVES
ILDEFONSO CASTRO AND ANA M. LERMA
Abstract. We introduce a new method to construct a large family of Lagrangian
surfaces in complex Euclidean plane C2 by means of two planar curves making
use of their usual product as complex functions and integrating the Hermitian
product of their position and tangent vectors.
Among this family, we characterize minimal, constant mean curvature, Hamil-
tonian stationary, solitons for mean curvature flow and Willmore surfaces in terms
of simple properties of the curvatures of the generating curves. As an application,
we provide explicitly conformal parametrizations of known and new examples of
these classes of Lagrangians in C2.
1. Introduction
An isometric immersion φ : Mn → M˜n of an n-dimensional Riemannian man-
ifold Mn into an n-dimensional Kaehler manifold M˜n is said to be Lagrangian if
the complex structure J of M˜n interchanges each tangent space of Mn with its
corresponding normal space. Lagrangian submanifolds appear naturally in several
contexts of Mathematical Physics. For example, special Lagrangian submanifolds
of the complex Euclidean space Cn (or of a Calabi-Yau manifold) have been stud-
ied widely and in [18] it was proposed an explanation of mirror symmetry in terms
of the moduli spaces of special Lagrangian submanifolds. These submanifolds are
volume minimizing and, in particular, they are minimal submanifolds. In the two-
dimensional case, special Lagrangian surfaces of C2 are exactly complex surfaces
with respect to another complex structure on R4 ≡ C2.
The simplest examples of Lagrangian surfaces in C2 are given by the product of
two planar curves α = α(t), t ∈ I1 ⊆ R, and ω = ω(s), s ∈ I2 ⊆ R:
(t, s)
φ7−→ (α(t), ω(s)) .(1.1)
Another fruitful method of construction of Lagrangian surfaces in C2 is obtained
when one takes the particular version for the two-dimensional case of Proposition 3
in [16] (see also [7] and [2]), involving a planar curve α = α(t), t ∈ I1 ⊆ R, and a
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2 ILDEFONSO CASTRO AND ANA M. LERMA
Legendre curve (γ1, γ2) = γ = γ(s), s ∈ I2 ⊆ R, in the 3-sphere S3 ⊂ C2
(t, s)
φ7−→ α(t) · γ(s) = α(t) (γ1(s), γ2(s)) .(1.2)
In [4], it was presented a different method to construct a large family of Lagrangian
surfaces in C2 using a Legendre curve (α1, α2) = α(t), t ∈ I1 ⊆ R, in the anti De
Sitter 3-space H31 ⊂ C2 and a Legendre curve (γ1, γ2) = γ(s), s ∈ I2 ⊆ R, in S3 ⊂ C2:
(t, s)
φ7−→ (α1(t)γ1(s), α2(t)γ2(s)) .(1.3)
We observe that in the constructions (1.1), (1.2) and (1.3) the components of
the position vector φ = (φ1, φ2) of the immersions are given by the product of two
complex functions:
φ1(t, s) =

α(t)
α(t)γ1(s)
α1(t)γ1(s)
, φ2(t, s)

ω(s)
α(t)γ2(s)
α2(t)γ2(s)
.(1.4)
From an algebraic point of view, we propose now to consider one of the compo-
nents as a product of two complex functions and the other as an addition of another
two complex functions. So, we can consider the following type of possible Lagrangian
immersions:
φ(t, s) = (f(t) + g(s), α(t)ω(s)) ,(1.5)
where α = α(t), t ∈ I1 ⊆ R and ω = ω(s), s ∈ I2 ⊆ R are planar curves. If we
impose that φ gives an orthonormal parametrization of a Lagrangian immersion, we
have that (φt, φs) = 0, where (·, ·) denotes the usual bilinear Hermitian product of
C2. Since φt = (f ′(t), α′(t)ω(s)) and φs = (g˙(s), α(t)ω˙(s)) where ′ (resp. ˙) means
derivate respect to t (resp. to s), we get
f ′(t)g˙(s) + α′(t)α(t)ω(s)ω˙(s) = 0.(1.6)
So, essentially we can take
f(t) = −
∫
α′(t)α(t)dt, g(s) =
∫
ω˙(s)ω(s)ds.(1.7)
Putting this in (1.5) we can check that
φ(t, s) =
(∫
ω˙(s)ω(s)ds−
∫
α′(t)α(t)dt, α(t)ω(s)
)
(1.8)
is a Lagrangian immersion constructed from two planar curves (see Theorem 2.1),
well defined up to a translation in C2.
An interesting problem in this setting is to find nontrivial examples of Lagrangian
surfaces with some given geometric properties. In this paper we pay our attention
to an extrinsic point of view and focus on several classical equations involving the
mean curvature vector and natural associated variational problems. In this way,
we determine in our construction of Lagrangians not only those which are minimal,
have parallel mean curvature vector or constant mean curvature, but also those ones
that are Hamiltonian stationary, solitons of mean curvature flow or Willmore.
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When we involve lines and circles in (1.8) we get the most regular surfaces: spe-
cial Lagrangians (Corollary 3.1) and Hamiltonian stationary Lagrangians (Corollary
3.3). In this setting, we provide explicit conformal parametrizations of some known
examples in terms of elementary functions and obtain some new examples of inter-
esting Hamiltonian stationary Lagrangians. With some more sophisticated curves,
we obtain a very large family of new Lagrangians with constant mean curvature vec-
tor (Corollary 3.4), which includes a (branched) Lagrangian torus. Our construction
(1.8) is actually inspired in the Lagrangian translating solitons obtained in [6] as-
sociated to certain special solutions of the curve shortening flow that we recover in
Corollary 3.6. We also provide Willmore Lagrangians when we consider free elastic
curves (Corollary 3.7). Finally, we illustrate in section 3.8 that we can also arrive
at Lagrangian tori starting from certain closed curves.
The key point of the proof of all our results is the simple expression (2.5) for
the mean curvature vector of the Lagrangian immersion in terms of the curvature
functions of the generatrix curves.
2. The construction
In the complex Euclidean plane C2 we consider the bilinear Hermitian product
defined by
(z, w) = z1w¯1 + z2w¯2, z, w ∈ C2.
Then 〈 , 〉 = Re( , ) is the Euclidean metric on C2 and ω = −Im( , ) is the Kaehler
two-form given by ω( · , · ) = 〈J ·, ·〉, where J is the complex structure on C2.
Let φ : M → C2 be an isometric immersion of a surface M into C2. φ is said
to be Lagrangian if φ∗ω = 0. Then we have φ∗TC2 = φ∗TM ⊕ Jφ∗TM , where
TM is the tangent bundle of M . The second fundamental form σ of φ is given by
σ(v, w) = JAJvw, where A is the shape operator, and so the trilinear form
C(·, ·, ·) = 〈σ(·, ·), J ·〉
is fully symmetric.
Suppose M is orientable and let ωM be the area form of M . If Ω = dz1 ∧ dz2 is
the closed complex-valued 2-form of C2, then φ∗Ω = eiβωM , where β : M → R/2piZ
is called the Lagrangian angle map of φ (see [11]). In general, β is a multivalued
function; nevertheless dβ is a well defined closed 1-form on M and its cohomology
class is called the Maslov class.
It is remarkable that β satisfies (see for example [17])
(2.1) H = J∇β,
where H is the mean curvature vector of φ, defined by H = traceσ.
In this section, we describe a new method to contruct Lagrangian surfaces in
complex Euclidean plane C2 with nice geometric properties, in the sense of they are
similar to those of a product of curves.
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Theorem 2.1. Let α = α(t) ⊂ C \ {0}, t ∈ I1, and ω = ω(s) ⊂ C \ {0}, s ∈ I2,
be regular planar curves, where I1 and I2 are intervals of R. For any t0 ∈ I1 and
s0 ∈ I2, let define
Φ = α ∗ ω : I1 × I2 ⊂ R2 → C2 = C× C
Φ(t, s) =
(∫ s
s0
ω˙(y)ω(y)dy −
∫ t
t0
α′(x)α(x)dx , α(t)ω(s)
)
.
Then Φ is a Lagrangian immersion whose induced metric is
Φ∗〈 , 〉 = (|α|2 + |ω|2) (|α′|2dt2 + |ω˙|2ds2) ,(2.2)
where ′ and · denote the derivatives respect to t and s respectively.
The intrinsic tensor C(·, ·, ·) = 〈σ(·, ·), J ·〉 of Φ = α ∗ ω is given by
C(∂t, ∂t, ∂t) = |α′|2
(
(|α|2 + |ω|2)|α′|κα − 〈α′, Jα〉
)
(2.3)
C(∂t, ∂t, ∂s) = |α′|2〈ω˙, Jω〉
C(∂t, ∂s, ∂s) = |ω˙|2〈α′, Jα〉
C(∂s, ∂s, ∂s) = |ω˙|2
(
(|α|2 + |ω|2)|ω˙|κω − 〈ω˙, Jω〉
)
where κα and κω are the curvature functions of α and ω, and J also denotes the
+pi/2-rotation acting on C ≡ R2.
The Lagrangian angle map of Φ = α ∗ ω is given by
β = arg
(
α′
)
+ arg (ω˙) + pi(2.4)
and the mean curvature vector H of Φ = α ∗ ω by
H =
1
|α|2 + |ω|2
(
κα
|α′|JΦt +
κω
|ω˙|JΦs
)
.(2.5)
Proof. We first compute the tangent vector fields
Φt = α
′ (−α, ω) , Φs = ω˙ (ω, α) .
Then we obtain |Φt|2 = |α′|2
(|α|2 + |ω|2), |Φs|2 = |ω˙|2 (|α|2 + |ω|2) and (Φt,Φs) =
0. So Φ is a Lagrangian immersion whose induced metric is written as in (2.2).
Taking imaginary parts in (Φtt,Φt), (Φtt,Φs), (Φss,Φt) and (Φss,Φs), we obtain
the formulas given for the tensor C in (2.3).
Using the definition of the Lagrangian angle map β, we obtain that
eiβ = det
C
( Φt
|Φt| ,
Φs
|Φs|
)
= − α
′ω˙
|α′||ω˙|
and so we arrive at (2.4).
Finally, we can get the expresion (2.5) for H using (2.1) taking into account that
(argα′)′ = |α′|κα and (arg ω˙)˙ = |ω˙|κω, or directly from (2.3) using the orthonormal
frame
{
e1 =
∂t
|α′|
√
|α|2+|ω|2 , e2 =
∂s
|ω˙|
√
|α|2+|ω|2
}
. 
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Remark 2.1. Up to a translation, we can rewrite the Lagrangian immersion Φ =
α ∗ ω as
Φ(t, s) =
( |ω(s)|2
2
+
∫ s
s0
〈ω˙, Jω〉(y)dy − |α(t)|
2
2
−
∫ t
t0
〈α′, Jα〉(x)dx , α(t)ω(s)
)
.
From (2.2), we also observe that (t∗, s∗) ∈ I1 × I2 is a singular point of Φ = α ∗ ω if
and only if α(t∗) = 0 = ω(s∗).
Remark 2.2. Interchanging the roles of α and ω is produced congruent Lagrangians
in C2. In addition, the same happens with rotations of α and/or ω. But only if we
consider the same homotethy for α and ω we get homothetic Lagrangian immersions,
concretely, ρα ∗ ρω = ρ2α ∗ ω, ∀ρ > 0.
For example, the totally geodesic Lagrangian plane is recovered in our construc-
tion simply considering straight lines passing through the origin, α(t) = t, t ∈ R,
ω(s) = s, s ∈ R, since in this case
(α ∗ ω) (t, s) =
(
s2 − t2
2
, t s
)
.(2.6)
3. Applications
This section is devoted to study several families of Lagrangian surfaces in our
construction described in Theorem 2.1; those characterized by different geometric
properties related with the behavior of the mean curvature vector.
3.1. Special Lagrangians. A Lagrangian oriented surface is called special if its
Lagrangian angle is constant (β ≡ β0). From (2.1) this means that H = 0, that is,
the Lagrangian immersion is minimal, but in fact is area-minimizing because they
are calibrated by Re(e−iβ0Ω) (see [11]). It is well known that these surfaces should
be holomorphic curves with respect to another complex structure on C2.
Corollary 3.1. The immersion Φ = α ∗ ω, given in Theorem 2.1, is special La-
grangian if and only if α and ω are straight lines.
Putting α(t) = t + i a, a ∈ R, and ω(s) = s + i b, b ∈ R, then Φ = α ∗ ω can be
written, up to a translation in C2, by
Φ(t, s) =
(
s2 − t2
2
+ i(at− bs), ts+ i(as+ bt)
)
, (t, s) ∈ R2.(3.1)
If (a, b) = (0, 0), we get the totally geodesic Lagrangian plane (2.6). If (a, b) 6=
(0, 0), these special Lagrangians correspond to the holomorphic curves z 7→ c z2,
c = − (a−ib)2
2(a2+b2)2
∈ C∗.
Remark 3.1. According to [13], the graphs z 7→ c z2, c > 0, are the only com-
plete orientable minimal surfaces in Euclidean n-space with finite total curvature
−2pi. Topologically they are cylinders lying in R4 and (3.1) provides a conformal
Lagrangian parametrization of them.
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Proof. From (2.5) we get that the minimality of Φ = α ∗ ω is equivalent to κα =
0 = κω. Then α and ω must be straight lines. So, up to rotations, we can consider
α(t) = t + i a, a ∈ R, and ω(s) = s + i b, b ∈ R, and it is a straightforward
computation to get (3.1).
If (a, b) 6= (0, 0), considering ϕ : C2 → C2, ϕ(x1 + i y1, x2 + i y2) = (y1 + i y2, x1 −
i x2) and w = t+ i s ∈ C, one easily obtains the holomorphic map
(ϕ ◦ Φ) (w) =
(
(a+ i b)w,−w
2
2
)
⊂ C2.
Letting w = (a+ i b) z, we finally get (ϕ ◦ Φ) (z) =
(
z,− (a−ib)2
2(a2+b2)2
z2
)
and the proof
is finished. 
3.2. Lagrangians with parallel mean curvature vector. From the point of
view of the mean curvature vector H, the easiest (non minimal) examples are those
with parallel mean curvature vector, i.e., ∇⊥H = 0, where ∇⊥ is the connection in
the normal bundle. In the Lagrangian setting, the complex structure J defines an
isomorphism between the tangent and the normal bundles, so the condition to have
parallel mean curvature vector is equivalent to the fact that JH is a parallel vector
field.
In the next result, we show that the right circular cylinder is the only Lagrangian
with parallel mean curvature vector in our construction.
Corollary 3.2. The Lagrangian immersion Φ = α ∗ ω, given in Theorem 2.1, has
parallel (non null) mean curvature vector if and only if α and ω are both circles
centered at the origin.
Putting α(t) = eit and ω(s) = Reis, R > 0, then Φ = α ∗ ω can be written by
Φ(t, s) =
(
i(R2s− t), R ei(s+t)
)
, (t, s) ∈ R2(3.2)
that describes the right circular cylinder R× S1(R).
Proof. Without loss of generality we can consider α and ω curves parametrized by
arclength. From (2.2) the induced metric is given by e2u
(
dt2 + ds2
)
, where e2u =
|α|2 + |ω|2. Using (2.5), it is not difficult to check that JH = −e−2u(κα∂t + κω∂s)
is a parallel vector field if and only if
κ′α − utκα + usκω = 0, utκω + usκα = 0, κ˙ω − usκω + utκα = 0.(3.3)
From the first and the third equation of (3.3) we deduce that κ′α + κ˙ω = 0 and
hence κα(t) = a t + b and κω(s) = −a s + c, with a, b, c ∈ R. We distinguish three
cases: We first suppose that us = 0. It is equivalent to |ω| is constant. Using (3.3)
and the fact that φ is non minimal, it follows that ut = 0 what means that |α| is
also constant. If ut = 0 similarly we get that |α| and |ω| are constants. Finally, if
ut 6= 0 and us 6= 0, from the second equation of (3.3), there exists c1 ∈ R∗ such that
κα = c1ut and κω = −c1us. So ut = (at+ b)/c1 and us = (as− c)/c1. Putting this
information in (3.3), we arrive at a = b = c = 0 which is a contradiction since we
are assuming that H 6= 0. 
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3.3. Hamiltonian stationary Lagrangians. A Lagrangian surface is called Hamil-
tonian stationary if the Lagrangian angle β is harmonic, i.e. ∆β = 0, where ∆ is
the Laplace operator on M . Using (2.1), this is equivalent to the vanishing of the
divergence of the tangent vector field JH. Hamiltonian stationary Lagrangian (in
short HSL) surfaces are critical points of the area functional with respect to a spe-
cial class of infinitesimal variations preserving the Lagrangian constraint; namely,
the class of compactly supported Hamiltonian vector fields (see [15]). Special La-
grangians and Lagrangians with parallel mean curvature vector are trivial examples
of HSL surfaces in C2; more interesting examples can be found in [1] [2], [8] and [12].
Corollary 3.3. The immersion Φ = α ∗ ω, given in Theorem 2.1, is Hamiltonian
stationary Lagrangian if and only if the curvature functions kα and kω of α and ω
are given by kα(t) = at+ b and kω(s) = −as+ c, with a, b, c ∈ R, and where t and s
are the arclength parameters of α and ω, respectively.
Proof. Without loss of generality we can consider α and ω parametrized by arclength
and, in this way Φ is conformal. The Lagrangian surface Φ = α ∗ ω is Hamiltonian
stationary if and only if the Lagrangian angle map β verifies ∆β = 0. So, using
(2.4), we get that Φ is HSL if and only if the curvature functions κα and κω of α and
ω satisfy κ′α + κ˙ω = 0, where ′ and · denote the derivatives respect to the arclength
parameters t and s, respectively. Then there exists a ∈ R such that κ′α = a = −κ˙ω
and this finishes the proof of the corollary. 
We distinguish two essential cases in the family described in Corollary 3.3:
Case 1 : a = 0, i.e. κα ≡ b and κω ≡ c. So, α and ω are either straight lines or
circles. If α and ω are both straight lines we lie in the situation of Corollary 3.1
obtaining the special Lagrangians described there. Otherwise, we get the following
subcases: either b 6= 0 and c = 0 (or b = 0 and c 6= 0) or b 6= 0 and c 6= 0.
First, if b 6= 0 and c = 0, taking α(t) = a0 + Reit/R, with R = 1/|b| > 0, and
ω(s) = s+ i b0, a0, b0 ≥ 0, then Φ = α ∗ ω can be written, up to a translation in C2,
by
Φ(t, s) =
(
s2
2
−Ra0 eit/R − i(b0 s+Rt), a0s+R(s+ ib0)eit/R
)
, (t, s) ∈ R2.
In particular, when a0 = b0 = 0, R = 1 we get (t, s) 7→
(
s2
2 − it, s eit
)
, which
corresponds to the complete non-trivial HSL plane described in Corollary 3.5 of [6].
Second, if b 6= 0 and c 6= 0, up to a dilation we can consider b = 1, |c| = 1/R, and
take α(t) = a1 + e
it and ω(s) = a2 +Re
is/R, a1, a2 ≥ 0, R > 0. Then Φ = α ∗ ω can
be written, up to a translation in C2, by
Φ(t, s) =
(
a2Re
is/R−a1eit+i(Rs− t), a1Reis/R+a2eit+Rei(t+s/R)
)
, (t, s) ∈ R2.
In particular, when a1 = a2 = 0 we recover the right circular cylinder R× S1(R).
The above immersions provide conformal parametrizations of HSL complete sur-
faces, some of them studied in [1] from a different approach.
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Case 2 : a 6= 0, i.e. κα and κω are certain linear functions of the arc parameter.
After applying suitable translations on the parameter, we can consider κα(t) = a t
and κω(s) = −a s. Thus, in this case α and ω must be Cornu spirals with opposite
parameter. The corresponding immersions α ∗ ω provide new examples of HSL
surfaces.
3.4. Lagrangians with constant mean curvature. A Lagrangian surface has
constant mean curvature if |H| is constant. Examples of Lagrangians with constant
mean curvature can be found in [10]
Corollary 3.4. The immersion Φ = α∗ω, given in Theorem 2.1, has constant mean
curvature |H| ≡ ρ > 0 if and only if the curvature functions kα and kω of α and ω
satisfy, respectively, κ2α = ρ
2|α|2 − λ and κ2ω = ρ2|ω|2 + λ, for some λ ∈ R.
Proof. Using the expresion (2.5), it follows that
|H|2 = 1|α|2 + |ω|2
(
κ2α + κ
2
ω
)
.
If |H| ≡ ρ, since α depends on t and ω depends on s, there exists λ ∈ R such that
κ2ω − ρ2|ω|2 = λ = ρ2|α|2 − κ2α, what proves the result. 
Now we show how the conditions on α and ω given in Corollary 3.4 determine
both curves. If we take α and ω planar curves parametrized by arclength, they can
be written as follows
α = r1 e
i
∫ √1−r′21
r1 , r1 = r1(t) = |α(t)|,
ω = r2 e
i
∫ √1−r˙22
r2 , r2 = r2(s) = |ω(s)|.
It is not difficult to check that the curvatures κα and κω can be expressed in terms
of the derivatives of r1 and r2 by the following equations:
r1
√
1− r′21 κα = 1− r′21 − r1r′′1 , r2
√
1− r˙22 κω = 1− r˙22 − r2r¨2.
Studying the case of Corollary 3.4, i.e. κ2α = ρ
2r21 −λ and κ2ω = ρ2r22 +λ, we get the
following ordinary differential equations for r1 and r2:
(1− r′21 − r1r′′1)2 =
(
ρ2r21 − λ
)
r21(1− r′21 ),(3.4)
(1− r˙22 − r2r¨2)2 =
(
ρ2r22 + λ
)
r22(1− r˙22).(3.5)
When we consider r1 and r2 constant, we recover the right circular cylinder obtained
in the Corollary 3.2 corresponding to the parallel mean curvature case.
In the general case, we are able to obtain first integrals of the differential equations
(3.4) and (3.5): (
ρ2r21 − λ
)3/2
ρ2
+ µ1 = 3 r1
√
1− r′21 ,(3.6)
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and (
ρ2r22 + λ
)3/2
ρ2
+ µ2 = 3 r2
√
1− r˙22,(3.7)
where µ1 and µ2 are arbitrary constants.
This shows that the family of Lagrangian surfaces with constant mean curvature
ρ > 0 in our construction with planar curves is very large. In general, the solutions
of (3.6) and (3.7) are not easy to control, appearing hyperelliptic functions in most
cases. We finish this section considering the following illustrative situation:
Let λ = µ1 = µ2 = 0. Up to dilations, we can suppose ρ = 3. Then equations
(3.6) and (3.7) coincide and they are reduced to the differential equation
(3.8) r′2 + r4 = 1
Using (3.8) we get that the generatrix curves are given by
(3.9) α(t) = r(t)ei
∫
r(t)dt, ω(s) = r(s)ei
∫
r(s)ds
and so, taking into account (3.8) again, we arrive at
(α ∗ ω)(t, s) =
(
r(s)2 − r(t)2
2
+ i
(∫
r(s)3ds−
∫
r(t)3dt
)
,(3.10)
r(t)r(s)ei(
∫
r(t)dt+
∫
r(s)ds)
)
The solution of (3.8) can be expressed in terms of some elliptic functions. Concretely,
from formulas 160.01 and 318.01 of [3], we can write that
r(t) = sn(t, i) =
1√
2
sn(
√
2 t, 1/
√
2)
dn(
√
2 t, 1/
√
2)
,
and
θ(t) :=
∫
r(t)dt = − arctan
(
1 + cn(
√
2 t, 1/
√
2)
1− cn(√2 t, 1/√2)
)
,
where sn, cn and dn are the elementary Jacobi elliptic functions usually known as sine
amplitude, cosine amplitude and delta amplitude respectively (see [3] for background
in Jacobi elliptic functions). Then it is not difficult to get that r = sin 2θ and hence
α and ω are both Bernoulli’s lemniscatae (see Figure 1). Finally, using formula
318.03 of [3], we can conclude from (3.10) that Φ = α ∗ ω is given explicitly by the
following:
Φ(t, s) =
1
4
(
sd2(
√
2 s)− sd2(
√
2 t) + i(cd(
√
2 t)nd(
√
2 t)− cd(
√
2 s)nd(
√
2 s)),
2sd(
√
2 t)sd(
√
2 s) exp
(
−i
(
arctan
(
1+cn(
√
2 t)
1−cn(√2 t)
)
+ arctan
(
1+cn(
√
2 s)
1−cn(√2 s)
))))
,
where sdu = snudnu , cdu =
cnu
dnu and ndu =
1
dnu . Since it is doubly-periodic, this
provides a (branched) Lagrangian torus with constant mean curvature vector |H|2 =
9. In Figure 2 we illustrate the projections of Φ to the coordinate 3-spaces of R4.
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Figure 1. Bernoulli’s lemniscata.
Figure 2. Projections of the Lagrangian torus with |H|2 = 9 to the
coordinate 3-spaces of C2 ≡ R4.
3.5. Lagrangian self-similar solitons. An immersion φ : M → R4 is called a
self-similar solution for mean curvature flow if
(3.11) H = ±φ⊥
where φ⊥ denotes the normal projection of the position vector φ. If H = −φ⊥ it
is called a self-shrinker, and if H = φ⊥ it is called a self-expander. Examples of
Lagrangian self-shrinkers and self-expanders can be found in [5].
In the next result we show that the cylinder S1 × R is the only (non totally
geodesic) self-shrinker for the mean curvature flow in our construction.
A NEW CONSTRUCTION OF LAGRANGIANS IN TERMS OF PLANAR CURVES 11
Corollary 3.5. The Lagrangian immersion Φ = α ∗ ω, given in Theorem 2.1, is
a (non totally geodesic) self-similar solution for mean curvature flow if and only if
α and ω are both circles of radius one centered at the origin, so that Φ = α ∗ ω
describes the right circular cylinder R× S1.
Proof. We first calculate Φ⊥ as follows:
Φ⊥ =
1
|α|2 + |ω|2
(
Im (Φ,Φt)
|α′|2 JΦt +
Im (Φ,Φs)
|ω˙|2 JΦs
)
=
1
|α′|2(|α|2 + |ω|2)
(
|α|2 + |ω|2
2
〈α, Jα′〉
+
(∫
〈α′, Jα〉 −
∫
〈ω˙, Jω〉
)
〈α, α′〉
)
JΦt
+
1
|ω˙|2(|α|2 + |ω|2)
(
|α|2 + |ω|2
2
〈ω, Jω˙〉
+
(∫
〈ω˙, Jω〉 −
∫
〈α′, Jα〉
)
〈ω, ω˙〉
)
JΦs.
Taking into account (2.5), we have that H = Φ⊥,  = ±1, if and only if the
curvatures of the curves α and ω satisfy
κα =
( |α|2 + |ω|2
2
〈α, Jα′〉+
(∫
〈α′, Jα〉 −
∫
〈ω˙, Jω〉
)
〈α, α′〉
)
,
κω =
( |α|2 + |ω|2
2
〈ω, Jω˙〉+
(∫
〈ω˙, Jω〉 −
∫
〈α′, Jα〉
)
〈ω, ω˙〉
)
.
Now we derivate the above equations with respect to s and t respectively and we
obtain the following necessary condition
〈ω, ω˙〉〈α, Jα′〉 = 〈ω˙, Jω〉〈α, α′〉.(3.12)
Using (3.12) together with the conditions on κα and κω, we get that necessarily
 = −1 and so Φ is a self-shrinker and the only possibility is that the curves α and
ω are both circles centered at the origin. Corollary 3.2 finishes the proof. 
3.6. Lagrangian translating solitons. An immersion φ : M → R4 is called a
translating soliton for mean curvature flow if
(3.13) H = e⊥
for some nonzero constant vector e ∈ R4, where e⊥ denotes the normal projection
of the vector e, which can be fixed up to congruences. Examples of Lagrangian
translating solitons can be found in [6].
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Corollary 3.6. The Lagrangian immersion Φ = α ∗ ω, given in Theorem 2.1, is
a translating soliton with translating vector e =
(
ρ eiθ, 0
) ∈ C2 if and only if the
planar curves α and ω satisfy that
(3.14) |α′|κα = ρ Im
(
e−i θα′α
)
, |ω˙|κω = −ρ Im
(
e−i θω˙ω
)
.
Remark 3.2. In Corollary 3.6 we recover, up to dilations and isometries, the La-
grangian translating solitons described in Proposition 3.3 of [6]. The corresponding
curves α and ω are special non trivial solution of the curve shortening problem
including spirals and self-shrinking and self-expanding planar curves (see [6] and
references therein).
Proof. We first compute
(
ρ eiθ, 0
)⊥
for Φ = α ∗ ω:(
ρ eiθ, 0
)⊥
=
ρ
|α|2 + |ω|2
(
Im
((
eiθ, 0
)
,Φt
)
|α′|2 JΦt +
Im
((
eiθ, 0
)
,Φs
)
|ω˙|2 JΦs
)
=
ρ
|α|2 + |ω|2
(
Im
(
e−iθα′α
)
|α′|2 JΦt −
Im
(
e−iθω˙ω
)
|ω˙|2 JΦs
)
.
Then, taking into account (2.5), we finish the proof. 
3.7. Willmore Lagrangians. Consider the Willmore functional
W =
∫
Σ
|H|2dµ
for a closed surface Σ immersed in Euclidean space. The critical points of W are
known as Willmore surfaces. Examples of Lagrangian Willmore surfaces can be
found in [9].
We take α and ω closed unit speed planar curves. Using Theorem 2.1, the Will-
more functional of the Lagrangian conformal immersion Φ = α ∗ ω is given by
WΦ =
∫
I1×I2
(
κ2α + κ
2
ω
)
dtds = L(ω)
∫
I1
κ2αdt+ L(α)
∫
I2
κ2ωds,(3.15)
where L(α) and L(ω) denote the lengths of α and ω, respectively.
Corollary 3.7. The Lagrangian immersion Φ = α ∗ ω, given in Theorem 2.1, is a
critical point of the Willmore functional WΦ (with fixed lengths L(α) and L(ω)) if
and only if the curves α and ω are free elastic curves parametrized by the arc length.
Proof. From (3.15), the critical points of the Willmore functional WΦ (with fixed
L1 = L(α) and L2 = L(ω)) are given by Lagrangian conformal immersions construc-
ted with unit speed planar curves that are critical points of the functionals
∫ L1
0 κ
2
αdt
and
∫ L2
0 κ
2
ωds, respectively. Since these are precisely free elastic curves according to
[14] we finish the proof. 
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3.8. Lagrangian tori. We now ask about the possibility of obtaining compact La-
grangians from our construction of Theorem 2.1. The following result gives a suffi-
cient condition on the generatrix closed curves to produce Lagrangian tori.
Proposition 3.1. Let α = α(t) ⊂ C \ {0}, t ∈ R, and ω = ω(s) ⊂ C \ {0}, s ∈ R,
be regular periodic planar curves, with periods T and S respectively, such that∫ T
0
〈α′, Jα〉 = 0 =
∫ S
0
〈ω˙, Jω〉.(3.16)
Then the Lagrangian immersion Φ = α∗ω, given in Theorem 2.1, is doubly periodic;
concretely, Φ(t+ T, s) = Φ(t, s) = Φ(t, s+ S), ∀(t, s) ∈ R2.
Proof. Under the hypothesis of this proposition, using Remark 2.1, it is clear that
Φ(t+ T, s) = Φ(t, s) = Φ(t, s+ S) if and only if∫ t+T
0
〈α′, Jα〉 =
∫ t
0
〈α′, Jα〉,
∫ s+S
0
〈ω˙, Jω〉 =
∫ s
0
〈ω˙, Jω〉.
But using again that α is T -periodic and ω is S-periodic, the above conditions are
reduced to (3.16). 
For example, we can consider a Gerono’s lemniscata (see Figure 3) given by
α(t) = (1 + 2 cos t, 2 cos t sin t)
and a Lissajous curve (see Figure 4) given by
ω(s) = (sin s, sin(2s)) .
Then it is easy to check that Φ = α ∗ ω can be written as
Φ(t, s) =
(
1
4
(
8 sin4 t− 2 cos2 s− cos(4s)− 8 cos t)
+
i
6
(
9 cos s− cos(3s)− 2 (9 sin t+ 3 sin(2t) + sin(3t))),
(1 + (2− 4 cos s sin t) cos t) sin s+ i((1 + 2 cos t) sin(2s) + sin s sin(2t))).
In Figure 5 we illustrate the projections of Φ = α ∗ ω to the coordinate 3-spaces
of R4.
Figure 3. Gerono’s lemniscata.
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Figure 4. Lissajous curve.
Figure 5. Projections of the torus to the coordinate 3-spaces of
C2 ≡ R4.
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